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S U 	 ARY 
A method is presented whereby the 'Slender Body 
Theory' can be applied to the determination of the unsteady 
aerodynamic forces acting on slender wings and wing-body 
combinations experiencing harmonic deformations in a com-
pressible flow. The analysis holds for subsonic 
and supersonic speeds, subject to restrictions which are 
stated and discussed. 
A simplification of the method is also introduced 
which is applicable to many practical cases and calculations 
are performed on this basis which lead to numerical results 
for: 
1. 'Equivalent Constant Derivatives' for a deforming 
slender delta wing using modal functions which are 
polynomials of the span wise parameter; 
2. 'Rigid' Force Coefficients for a pitching and 
plunging, slender, wing-body combination. 
These results are given as closed expressions and 
in tabular form and some of the results are also shown in 
graphioal form. 
Both the de-ivatives and the 'Rigid' force coeff-
icients are defined in such a way as to agree with the usual 
British Sign Convention. 
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1. Introduction 
In this paper a method is given whereby the aero-
dynamic forces can be calculated for slender, low aspect 
ratio wings deforming harmonically in a compressible flow. 
The method is applied to a slender, cropped, delta 
wing and certain flutter modes are assumed which take the 
form of polynomials in the spa vise parameter. Freedom 
of the wing root is allowed for so that body freedoms can 
be included. In the latter part of the paper the aerodyn-
amic forces on a pitching and plunging, slender, udng-body 
combination are evaluated. 
The basis of the method is the 'Slender-Body Theory' 
which has been applied in connection with the (quasi-steady) 
stability derivatives for slender, wings and wing-body com-
binations (refs. 1,2,3,45,6). 
The application to an oscillating and defaming 
wing has, very recently, been studied by lierbt and Landahl 
(ref. 8). 
The solution of the 'cross-sectional' problem, 
for the wing, is analogous to that of a two-dimensional 
flat plate oscillating in a compressible flow and has been 
treated. by Ti mane  (ref. 9) and Reissner (ref. 10). 
The use of the 'Slender-Body Theory' allows the 
s Only the regular part of their solution is reouired 
in this case. 
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If the influence of the time-derivative term in 
(2.2) is so small that it can be neglected the equation 
reduces to Laplace's equation, as for steady flow, and the 
difference between the unsteady and steady flow cases mani-
fests itself entirely in the linearised Bernoulli Pressure 
equation, 
r roo = - R90 ,:t.)ax 	 at 
 
(2.4) 
 
This implies that the root frequency parameter 
must be small (see ref. 11 cases 2 and 5). 
3. Solution of the Potential Equation  
Assuming harmonic motion of angular frequency, v, 
equation (2.2) becomes, 
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ii) 
 
The solution at infinity should represent 
waves travelling outwards from the origin. 
(b) At any point on the wing the prescribed normal 
velocity must be equal to the normal derivative 
of QS at that point. 
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where the coefficients, pn, are to be determined from 
boundary condltion ;b), 
	 equation (3.5) which becomes 
in elliptical coordinates, 
7 (x,0,4) = s(x) I7 (xo s cos 4) sin 
 
(3.8) 
 
Differentiating (3.7) with respect to n  and 
putting T1 = 0 (on the wing) gives.- 
7 (x,0,4), pn' rNen(2)(11 k)j sen( ok) ;i an 
n=1 
71=0  
 
•a,f.} 
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writing, 
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P (k) = p 	 (Ere(2)(Ili k)' 
	 (3.10) n al 	 n 
1==0  
Now if w(xg) is bounded and is a continuous 
function of 	 the series representing 7 (x,014) in (3.9) 
will be uniformly convergent. 
Multiplying (3.9) by se (?,k)and integrating over 
the range, 0 to 7c, the coefficients P may be determined 
in an analogous manner to Half-Range Fourier Coefficients 
since an orthogonality relation exists for the liathieu 
function Ee
n
(4,k) (see ref. 16). 
The F
n 
 are thus given by; 
P
n
(k) = acs  ; w(x.7 	 s sen(1,k) d 1  (3.11) 
and finally the pn 
 from (3.10). 
The solution, (3.7), is now completely determined 
and the yressure distribution on the wing will be given from 
(3.7) with rl = 0. 
As discussed in section 2 it is possible, under 
certain conditions, to suppress the time- dependent term in 
equation (3.1) and,ti-e solution (3.7) then reduces to.- 
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F o r  a n y  p a r t i c u l a r  f l u t t e r  m o t i o n  i t  i s  t h e n  
p r e s c r i b e d  t h a t  s e c t i o n s  p a r a l l e l  t o  t h e  l i n e  o f  f 3 1 g 1 2
- 1 ,  
t w i s t  a b o u t  t h e  r e f e r e n c e  a x i s  a c c o r d i n g  t o  s o m e  m o d a l  
f u n c t i o n ,  s u c h  s e c t i o n s  r e m a i n i n g  t h e m s e l v e s  u n d i s t o r t e d ,  
w h i l s t  t h e  r e f e r e n c e  a x i s  i t s e l f  t r a n s l a t e s  a c c o r d i n g  t o  
a n o t h e r  m o d a l  f u n c t i o n ,  e a c h  d e g r e e  o f  f r e e d o m  s o  i n v o l v e d  
b e i n g  a s s o c i a t e d  w i t h  a  L a g r a n g i a n  g e n e r a l i s e d  c o o r d i n a t e ,  q , .  
•  D e t a i l s  o f  t h e  w i n g  a r e  g i v e n  i n  A p p e n d i x  I .  
-12- 
The generalised coordinates are defined at reference 
sections given by 
ly; 	 = I 
	 (4.2) 
and all motions are measured relative to the :moan position 
of the wing (plane, z = 0). 
A non dimensional spanwise parameter, 8, is 
introduced such that 
y = 8/ 
and 16 = 1 at the reference sections. 
 
(4.3) 
 
Each degree of freedom will lead to an equation of 
motion and a generalised force, . which can be expressed 
conveniently in terms of force coe ficionts as (omitting eivt), 
Qr2 
= 	 (-Yrs wm 	 brs 	 crs)  p6c  
	 (4.4) 
on the assumptions of the linearised theory, where, 
s = r = number of degrees of freedom 
and 	 w
m 
= mean frecuency parameter 
vc
m 	
Note.- c
m 
is the mean chord of the 
1J,J ' c 	 half-wing. See Appendix 
In ;hat follows the suffices + and - will indicate 
whether a fuaction applies only for y > 0 or y 0 
respectively. 
4.1. Uncoupled Liodes  
Let there be one uncoupled M0012 in flexure and one 
uncoupled mode in torsion described by the modal functions, 
h(5) and H(8) respectively, so defined that, 
h(+ 1)! 	 1)) 	 = 1 . 
If zeivt  represents the translation of a point 
on the reference axis, measured from the mean position, 
* The generalised coordinates and forces are amplitude 
functions but the bar notation is not used in their case. 
(4.5) 
z  =  z
o
h ( 5 )  
a  =
o
H ( S )  
	 ( 4 . 6 )  
a n d  
a n d  
z  
o  
q 1  =  T  
e r n  
q 2  =  1  a o  
.  
(  I 4  8 )  
T  = l h g1
( x - x  )  1  H q  
c  	 2  
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p o s i t i v e  u p w a r d s ,  a n d  a e
i v t  
t h e  r o t a t i o n ,  p o s i t i v e  l e a d i n g  
e d g e  
d a w n ,  o f  t h e  : a c t i o n  t h r o u g h  t h a t  p o i n t ,  t h e n ,  
w h e r e  z
o  
a n d  a
o  
a r e  t h e  a m p l i t u d e s  a t  t h e  r e f e r e n c e  
s e c t i o n s ,  y  =  ±  Z .  
N o w ,  
i f  t h e  g e n e r a l i s e d  c o o r d i n a t e s  a r e  c h o s e n  s o  
t h a t ,  
t h e n  t h e  d e f o r m a t i o n  f u n c t i o n  P ( x , y )  o f  e q u a t i o n  1
3 . 3 )  t a k e s  
t h e  f o r m ,  
I t  w i l l  b e  c o n v e n i e n t ,  f o r  t h e  a e r o d y n a m i c  p r o b l e m ,  
t o  c o n s i d e r  t h e  f u n c t i o n s ,  h  a n d  H ,  e a c h  t o  b e  p o l y n o m i a l s  
i n  8 :  t h u s ,  f o r  s y m m e t r i c a l  m o d e s ;  
h  =  
	
g
r  
 S i r   
r  	
( 4 . 9 )  
I I  	
1  I S  
=  i r "  
G  
s  s  
r  s  =  0  1  2  
0  	 /  
E q u a t i o n  ( 4 . 8 )  b e c o m e s ,  f o r  t h e  
h a l f - w i n g  
f o r  
w h i c h  y . > - 0 ,  
r s " 7 .  '  
	 s )  
r,   
-  
G 5  
k  
o +  c  	
s  
r  
	
n i  •  
	 s  	
i .  
	 ( 4 . 1 0  
I t  i s  n o w  r e q u i r e d  t o  f i n d  t h e  t w o  g e n e r a l i s e d  
f o r c e s  Q
1  
a n d  Q
2
.  
T h u s ,  
*  Q
1  
8q  
	
A p .  ( S T  )  
d x  d y  
	
( 4 . 1 1 )  
1 . •  
*  I S  ?  i n d i c a t e s  t h a t  t h e  a r e a  o f  i n t e g r a t i o n  i s  o v e r  t h e  
w i n g  p l a n f o r m  f o r  w h i c h  0 - e _ s ( x ) ( y  
o n l y ,  
a n d  
where L ,dr p dx cly; is -Lae total (incremental) aerodynamic 
force at the poin?., (x,y) on the wing and is given by 
equation (3.15) when the velocity potential derived for the 
assumed deformation function is substituted. 
From (4.10), 
r 
	
(ar" ) 	 Z., g..„8 	 8q, 
+ qi 	
r 
• 
and the force, Q1, is seen to be built up from a sum of 
integrals of the form, 
71  
_1  
! 1 	 = l2 
 I 	 p. gr 
 8r. dx 13-5 	 (4.12) 
S+ 
In the same way the force, Q2, is expressed as a 
sum of integrals of the form 
r' -I 	 2
! 
1 ,Q2! 	 = 	 ! 	 (x-x0+) Ap. Gs. 8". dx a6 (4.13) 
	
s 	 m 
It will be clear that many of the integrals (4.12) 
and (4.13) will be identical, apart from constant factors. 
4.2. Coupled Modes  
The deformation function, f , now takes the form: 
1 
= 	 ih(5) + (x-x 
o+ c 
) 	 H(5) • qr, 	 ..(4.14) 
r 
there now being r degrees of freedom. 
The functions h and H are as defined before in 
equation (4.9) with r = s so that equation (4.14) becomes, 
= 	 q_ 7  gr 
 + \x-x 	 — G 	 81.  ...(4.15) 
r 
-r 1 o+ c
m 
r; 
and Q is given by 
Qr, 	 'qr, = 13P (a+)qr  dx dy • 
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F i n a l l y ,  f r o m  ( 4 . 1 5 ) ,  
2  	
( x - x  )  
o + '   
1 1 A  
Q
r  
 =  	
!  	
I P  1
1 .  
 g r  
	
c
r a  
S
+  
.  G ,
1   5r .  
d x  a 8  
	
( 4 . 1 6 )  
T h i s  i s  a  s u m  o f  i n t e g r a l s  l i k e  ( 4 . 1 2 )  a n d  ( 4 . 1 3 ) .  
5 .  
C a l c u l a t i o n  o f  t h e  V e l o c i t y  P o t e n t i a l  a n d  t h e  G e n e r a l i s e d  
F o r c e s  f o r  t h e  A s s u m e d  : l o d e s  o f  P a r a g r a p h  
4   
T h e  c o e f f i c i e n t s ,  
o f  7  a r e  g i v e n  b y  ( 3 . 1 1 )  
i n  p o l y n o m i a l s  o f  
l b ! ,  
a n d  
f o l l o w i n g  t y p e  a r e  m e t  w i t h :  
n  
i n  t h e  s e r i e s  r e p r e s e n t a t i o n  
a n d  s i n c e  P ( x , y )  i s  e x p r e s s e d  
h e n c e  o f  ! y l ,  i n t e g r a l s  o f  t h e  
i c o s s   4
1  
s i n  4
1   s e  n  
( 4
1 '  k )  
( i  
 
 ' 1  •  
 
( 5 .
1
)  
 
S u c h  i n t e g r a l s  c a n  b e  - w r i t t e n  a s  t h e  s u m  o f  i n t e g r a l s  
o f  t h e  f o r m  
;  s i n  
•  s e n ( 1 / k )  a 4 1  
 
( 5
. 2 )  
 
U s i n g  t h e  F o u r i e r  S e r i e s  e x p a n s i o n  o f  s e n ( l k )  
i n t e g r a l s  s u c h  a s  ( 5 . 2 )  b e c o m e ,  
- -  	
i  
` - >  , )  
,z .--: . . . ,  	
J J  	
( k )  I  s i n  
r . r 1 6  
s i n   p •
1 1  
4 '  	
r  
r = 1  
s  i s  e v e n  ( e q u a t i o n  5 . 1 ) ,  t h e  l i m i t s  o n  
( 5 . 3 )  a r e  0  t o  	 q u i t e  s t r a i g h t  f o r w a r d l y ,  a s  i n d i c a t e d  
b y  e q u a t i o n  ( 3 . 1 1 )  a n d  o n l y  a  f i n i t e  n u m b e r  o f  t e r m s  i s  
o b t a i n e d  f o r  ( 5 . 1 ) .  W h e n  s  i s  o d d ,  o w i n g  t o  t h e  
a s s u m p t i o n  o f  s y m m e t r y ,  t h e  l i m i t s  o n  ( 5 , 3 )  r e d u c e  t o  0  t o  7 V 2  
( o r  7 0  t o  7 0  a n d  e n  i n f i n i t e  s e r i e s  i s  o b t a i n e d  f o r  ( 5 . 3 ) ,  
a n d  h e n c e  f o r  ( 5 . 1 ) .  H o w e v e r ,  o n l y  a  f e w  t e r m s  n e e d  b e  
r e t a i n e d  i n  p r a c t i c e .  
T h e  v e l o c i t y  
p o t e n t i a l  
o n  t h e  w i n g ,  j c  i s  n o w  
f u l l y  d e t e r m i n e d  a n d  t h e  c o r r e s p o n d i n g  l o a d i n g  i s  g i v e n  b y  
e q u a t i o n  ( 3 . 1 5 ) .  
T h e  g e n e r a l i s e d  f o r c e s  g i v e  r i s e  t o  i n t e g r a l s  l i k e  
( o m i t t i n g  c o n s t a n t s ) ,  
f ' 0  /  
x  
+  U v  
v  	
O r   d x  d o  
( 5
. 3 )  
( 5 . 4 )  
and 	 x x  1-1- tir7) 	 (5.5) 
S
+ 
These integrations must, in general, be done by a 
graphical or numerical means, except when the time-dependent 
term in the potential eauation (3.6) is suppressed and the 
Mathieu functions take on their degenerate forms. 
The application of the analysis to antisymmetrie 
flutter nodes follows the same general lines as given for 
symmetric modes. 
5.1. Eauivalent Constant Flutter Derivatives 
By analo with the flutter derivatives of two-
dimensional (strip) theory it is possible to define a set 
of 'equivalent constant derivatives'. 
These derivatives are constant over the span of 
the wing and give the correct generalised forces when inter-
preted in the conventional sense. 
The lift and moment on a strip of unit width are 
defined in terms of derivatives such as 
/ 	 / 
s' 2" a' 
TaZ, m!, 	 Mr! 
(ref. 1o) 
where the 'stiffness' derivatives include the 'inertia' 
derivatives, 7.!  , nt. , 1.. , 
Equivalent constant derivatives, 
(1  ) 	 (10) 
rs 	 rs 
etc. 
(M ) 	 , (ms) 	 p 
rs 	 rs 
are defined from the force coefficients of equation (4.4) in 
Appendix 
As with the force coefficients the first suffix 
refers to the generalised force and the second to the mode. 
* See Appendix II for discussion of sign convention. 
- 1 7 -  
A p a r t  f r o m  t h e  a n a l o g y  w i t h  ' t w o - d i m e n s i o n a l
,   
d e r i v a t i v e s  t h e  c o u c e p t  o f  e q u i v a l e n t  c o n s t a n t  d e r i v a t i v e s  
i s  u s e f u l  i n  t h a t  i t  f a c i l i t a t e s  
a i r e c t  c o m p a r i s o n  
o f  s e t s  
o f  d e r i v a t i v e s  d e r i v e d  f o r  d i f f e r e n t  m o d e s .  
F o r  e x a m p l e ,  
d i r e c t  
d e r i v a t i v e s  i n  o n e  f r e e d a n  a r e  r a r . d e  i n d e p e n d e n t  o f  
t h e  m o d e s  i n  o t h e r  f r e e d o m s .  ( S e e  A p p e n d i x  I I I ) .  
6 .  
R e p r e s e n t a t i v e  R e s u l t s   
T h e  p r e c e d i n g  a n a l y s i s  h a s  b e e n  a p p l i e d  t o  t h e  
c a s e  o f  a  t r i a n g u l a r  w i n g  ( F i g .  2 , T  =  0 )  u s i n g  u n c o u p l e d  
m o d e s .  
E q u i v a l e n t  C o n s t a n t  D e r i v a t i v e s  h a v e  b e e n  c a l c u l a t e d  
f o r  t h e  f l e x u r a l  m o d e s ;  
h ( 5 )  =  	
;  r  =  0 ,  1 ,  2 .  
a n d  t o r s i o n a l  m o d e s ;  
H ( 8 )  =  I 8  
	
;  s  =  0 ,  1 .  
L o d e s  s u c h  a s  t h e s e  h a v e  b e e n  t a k e n  
	 p a i r s ,  o n e  
i n  f l e x u r e ,  1 8 1
1 '1   a n d  o n e  i n  
t o r s i o n ,  1 5 1
s  1  
	 g i v i n g  s i x  
' s e t s '  o f  d e r i v a t i v e s .  
T h e  a c c o m p a n y i n g  
t a b l e  o f  
n u m e r i c a l  
r e s u l t s  ( T a b l e  I )  
s h o w s  t h e  o r d e r  o f  t h e  d e r i v a t i v e s  a n d  t h e i r  s i g n s  ( f o r  m  =  
a n d  a  s e t  o f  g e n e r a l  e x p r e s s i o n s  f o r  t h e  d e r i v a t i v e s  i s  g i v e n  
i n  A p p e n d i x  I I I  t o g e t h e r  w i t h  t h e  r e s u l t s  o f  a  
c a l c u l a t i o n  o n  
a  c r o p p e d  d e l t a  f o r  r 1   =  si   =  0  o n l y .  
T h e  ' d a m p i n g '  d e r i v a t i v e s  / a  ma   a n d  ma  
 a r e  
p l o t t e d  a g a i n s t  ' m '  i n  F i g s .  
8  9  a n d  1 0  
B y  t a k i n g  r
1   =  si   =  0  a n d  n  =  1  t h e  d e r i v a t i v e s  
a r e  o b t a i n e d  f o r  a  r i g i d  p i t c h i n g  a n d  p l u n g i n g  w i n g  r e f e r r e d  
t o  t h e  t r a i l i n g  e d g e  -  u s e  o f  t h e  u s u a l  t r a n s f o r m a t i o n  
f o r m u l a e  t h e n  r e f e r s  t h e  d e r i v a t i v e s  t o  a n y  o t h e r  a x i s .  
T h i s  h a s  b e e n  d o n e  f o r  a  t r i a n g u l a r  w i n g  ( " X  =  0 ) ,  
a  c r o p p e d  d e l t a  ( x  =  1 / 7 )  a n d  a  r e c t a n g u l a r  w i n g  ( 7
n.  =  1 )  
f o r  a n  a x i s  a t  0 . 5 0 0  c
r  
a n d  t h e  r e s u l t s  a r e  p r e s e n t e d  i n  
T a b l e  I I .  
I n  F i g .  1 1  t h e ' c r o s s - d a v i n g '  d e r i v a t i v e s  m
a  
 ,  
1
a  
 h a v e  b e e n  p l o t t e d  a g a i n s t  
	
f o r  t h e s e  w i n g s .  
I n  t h i s  c a s e  o f  a  p i t c h i n g  
a n d  
p l u n g i n g  w i n g  t h e  
g e n e r a l i s e d  f o r c e s  Q
l   a n d  0
2  
 h a v e  s i m p l e  i n t e r p r e t a t i o n s  
'
and do in fact represent the unsteady lift and moment 
amplitudes on the complete wing, i.e., 
,r7,2 
2   x 	 (+vc upwards) p U.S. 	 U2 Z3 r 
2  11 	 2 	 T
2 / 2 	 (+ve nose dc,..ni.-rtrds) U. Sc 	 U2 3 c
r r 	 v 
	 (6.1) 
The expressions for lift and moment will be in 
terms of the dimensionless amplitudes, 
Z 
i-21 
 and a 
c r 
and the relevant frequency parameter vall be, 
ye
r 	 2 \ 
W = 	 W - I 
r 	 U 	 +X J 
It is convenient in this connection to define a 
set of force coefficients for rigid motions only since in 
later paragraphs unsteady lifts and moments on rigid bodies 
and wing-body combinations arc considered. 
Coefficients L
z, 
L .., etc. are defined by the 
expressions; 
z \ 
9 
S 
- - (Lz 
 iW
r z 	 c
11
r 
-! - ((L
a 
+ L ori,8) ao / 
I 	 z  iwr112).; + 	 + iwr 	 ao  
P S 
and these will be referred to as 'Rigid' force coefficients. 
As for the definitions giving the equivalent 
constant derivatives (Appendix II) these rigid force coeff-
icients are signed to agree with the normal British flutter 
sign convention 
and 
and 
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.
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D e r i v a t i v e s  f o r  m  =  
1
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c t i n  
 =  0 . 2  
TABU. II 
Equivalent Constant De:civatives  frrizi .nanu d 
pitching about an axis at  
r 
Equivalent 	 1 	 Triangular 	 Cropped 	 Rectangular 	 1 
Constant 	 i 	 Ang 	 Delta 	 Ling 
Derivatives 	 1 1 	 X=0 	 'N...=-1 	 (7X=1) 	 4 
1z 	 - 	
2 
.585 wm 
T. 	 2 	 - it 	 2 	 I 
- T win 	 27 Wia 	 1 
(.52L) 	 (.785) 	 1 
i 
l 
	 7 7. 	 it 
+.735 
(.735) 	 (.735) 
1 
1 
	
-.245wm +.v-L, 
T. 	 2 	 T. 
 
- if wm + 7 	 2 	 + 	 7,- 
(.262) 
	 (.785) 
	
(.785) 
It 
+ iir Z 	 +1.07 
(.931) 	 (1.18) 
.2Lt + 
-7. 	 2 
12 
mt 	
wm 	
.245 wm2 	
0 
(.262) 
m 	
-.(345 
it 	 it  
(.197) 	 (.392) 
7z 	 2 	 at 	 2 	 lc 	 2 	 71 
20 wm 	 - 7 	 .137will -.0845 	 7wra 	 + -7, 	 i 
ma  
I
(.157) 
	
(.197 	 (.o655)(.392) 
	
Ic 	 It  
	
m 	
- 7 	 - 7 	 1 
-.386 
	
	
(.392) 	 (.197) 	
I t ! 
NOTE: Figures in brackets are decimal equivalents of 
fractions of it 
- - 2 1 -  
7 .  T h e   P i t c h i n g  a n d   P l u n g i n g  S l e n d e r  l i o c  T  o f  
 R e v o l u t i o n  
A  s e t  o f  f l u t t e r  f o r c e  c o e f f i c i e n t s  f o r  a  p o i n t e d  
s l e n d e r  b o d y  o f  r e v o l u t i o n  c a n  b e  c a l c u l a t e d  i n  a n  a n a l o g o u s  
m a n n e r  t o  t h o s e  o f  t h e  w i n g  b y  a d o p t i n g  p o l a r  c o o r d i n a t e s  
i n s t e a d  o f  e l l i p t i c a l  c o o r d i n a t e s  w h e n  s o l v i n g  t h e  p o t e n t i a l  
e q u a t i o n  a n d  i n  t h e  s p e c i f i c a t i o n  o f  t h e  b o u n d a r y  c o n d i t i o n s .  
P r o b a b l y  t h e  o n l y  c a s e  o f  i n t e r e s t  i s  t h e  r i g i d  
p i t c h i n g  a n d  p l u n g i n g  b o d y  a n d  a c c o r d i n g l y  t h i s  c a s e  w i l l  
b e  d e a l t  w i t h .  T h e  c a r t e s i a n  c o o r d i n a t e  s y s t e m  f o r  t h e  
b o n y  i s  t h e  s a m e  a s  f o r  t h e  w i n g  a n d  i s  s h o w n  i n  F i g u r e  3  
I n  e a c h  c r o s s - s e c t i o n ,  x  =  c o n s t . ,  t a k e  p o l a r  
c o o r d i n a t e s ;  
y  =  r  c o s  
4  )  
z  =  r  s i n  
4  C  
t h e n  t h e  p o t e n t i a l  e q u a t i o n  ( 3 . 6 )  t r a n s f o r m s  t o  
L  
1  	 -
2  
v
2  
m  
r  	
r  	 =  
a r  	
o r /  +  —  
2
•
7  .  c  	   
r  g  
a  
( 7 . 1 )  
( 7 . 2 )  
C o n s i d e r  t h e  b o d y  m o v e m e n t s  t o  c o n s i s t  o f  a  
v e r t i c a l  t r a n s l a t i o n  ( + v e  u p w a r d s )  a n d  p i t c h i n g  a b o u t  a n  
a x i s ,  
x  =  x
o  
=  m B   I
B  
 
( 7 . 3 )  
 
p a r a l l e l  t o  t h e  y - a x i s  ( n o s e - d o w n  p i t c h i n g  + v e ) .  
B y  a n a l o g y  w i t h  e q u a t i o n  ( 4 . 6 )  w e  d e f i n e  z
o   t o  
b e  t h e  a m p l i t u d e  o f  t h e  d i s p l a c e m e n t  o f  t h e  p o i n t ,  
x  =  x
o p  
 o n  t h e  b o d y  a x i s  a n d  a
o  
t o  b e  t h e  a m p l i t u d e  o f  
t h e  i n c l i n a t i o n  o f  t h e  b o d y  a x i s  t o  t h e  O x  a x i s .  T h e n  
t h e  m o t i o n s  p r o d u c e  a t  a  p o i n t ,  x ,  o n  t h e  b o d y  a x i s  t h e  t o t a l  
u p w a r d  d i s p l a c e m e n t ,  
( z
o  
+  ( x - x
°
)  a  
o
)  e l v t  
•
T a k i n g  t h e  b o d y  l e n g t h ,  /
B
,  a s  a  r e f e r e n c e  
l e n g t h  t h e  v e r t i c a l  v e l o c i t y  ( e q u a t i o n  3 . 4 )  i s ,  
z o  	 (  -  
	 ! L e - .  
1 7 ( x )  
=  i v  / 1
E  
t  
 - - - 1  + ;  x — x
o  
 +  .  	
a  c .  	  
( 7 . 4 )  
w r i t i n g  r ( x )  f o r  t h e  l o c a l  c r o s s - s e c t i o n a l  a r e a  
o f  t h e  b o d y ,  t h e  p o t e n t i a l  n e a r  t h e  b o d y  t a k e s  t h e  f o r m ' ,  
The pressure at any point on the surface of the 
r ---.R 
(7) 	 = - 77(x) 	 1'r.  . sin 
•)u. (7.1- ) 
-22- 
body is 
where 
( an iv 	 , sin Y 
P  = RX 	 )a x 
11(x) 	 w(x) 11(x) 
	
(7.6) 
The unsteady lift and moment, L and 	 follow 
by integration of (7.6) along the body. 
The 'rigid' force coefficients of equations (6.2) 
have been calculated for a cylindrical body, with a conical 
nose as shown in Fig. 24, These are based on the Aspect 
Ratio of the geometrically similar ting having its root-chord 
equal to thJ length of the body ana 
o 
R 
= 	 (see Figure 7) 2 	 c 
where R
o 
is the maximum (base) raclius of the body. 
The coefficients are given in Appendix IV. 
By putting Cr = 1 and 1.\ = (1-x) it will be 
seen that the expressions of Appendix TV are identical with 
those that would be given for the rigid cropped delta wing 
using the equivalent constant derivatives of Appendix III 
with B = 0 and equations (6.1). 
8. The SlenclarLLIa.:22qy Combination 
8.1 The rigid pitching and 1)1ml:fling combination 
A set of 'rigid' force coefficients will now be 
derived. for the slender wing-body combination shown in 
Figure 8. 
This problem will be dealt with rather differently 
from the wing and slender body cases in that the velocity 
potential will be found, not directly as a solution of 
Laplace's auation, but from the two-dimensional potential 
for incompressible flow normal to a flat plate. 
The required potential will not generally satisfy 
the two-dimensional wave equation (2.2) and hence the 
solution will be subject to similar restrictions as the wing 
solution for k 	 O. 
- 2 3 -  
U s i n g  t h e  J o u k o w s k i  T r a n s f o r m a t i o n  ( s e e  F i g .  
6 )  
t h e  v e l o c i t y  p o t e n t i a l  f o r  t h e  f l o w  a r o u n d  t h e  b o d y  c o n f i g -
u r a t i o n  o f  F i g .  6  
( s e e  r e f .  L )  d u e  t o  a  m o t i o n  w  o f  a n y  
s e c t i o n  i n  a  f l u i d  a t  r e s t  o a n  e a s i l y  b e  f o u n d  a n d  c o n v e n -
i e n t l y  e x p r e s s e d  i n  t w o  p a r t s ,  
- - - - - - - - - - - - - - - - - - - -  
R 2   /  	 1 2   
1 3 ( 0 ) = - 1 - , , /  s 2  c  1  4 .  - - -  
	
-  4 , y
2  
+  w l
/  	
y
2  
s 2 i  
/  2  1   
s 4 .  
( 8 . 1 )  
w h e r e  B ( 0 )  i s  t h e  p o t e n t i a l  o n  t h e  b o d y  ( r = R )  a n d  1 4 0  
i s  t h e  p o t e n t i a l  o n  t h e  w i n g  ( Z ;  =  0  o r  
7 Z ,  
y  =  r ) .  
I t  w i l l  b e  c l e a r  t h a t  t h e  f o r c e  c o e f f i c i e n t s  f o r  
t h e  w i n g - b o d y  c o m b i n a t i o n  o f  F i g .  
5  c a n  b e  c o n s i d e r e d  t o  b e  
t h e  a d d i t i o n  o f  t w o  s e t s  o f  f o r c e  c o e f f i c i e n t s ;  v i z . ,  
( i )  t h e  f o r c e  c o e f f i c i e n t s  f o r  a  t r i a n g u l a r  w i n g  o n  
a  c y l i n d r i c a l  b o d y ,  d o w n s t r e a l l  o f  t h e  l a t e r a l  
p l a n e  t h r o u g h  t h e  w i n g  l e a d i n g  e d g e  a n d  b o d y  j u n c t i o n .  
( i i )  t h e  f o r c e  c o e f f i c i e n t s  f o r  a  p o i n t e d  b o d y  u p s t r e a m  
o f  t h e  w i n g  l e a d i n g  e d g e .  
T h e  c o e f f i c i e n t s  ( i i )  h a v e  b e e n  c a l c u l a t e d  i n  
s e c t i o n  
7  (  
T h e  c o e f f i c i e n t s  ( i )  c a n  b e  c a l c u l a t e d  u s i n g  ( 8 . 1 )  
w i t h  t h e  a x e s  a n d  n o t a t i o n  o f  F i g u r e  
7 .  
F o r  t h e  c o m b i n a t i o n ,  t h e  v e l o c i t y ,  T T ,  w i l l  t a k e  
t h e  s o m e  f o r m  a s  f o r  t h e  b o d y  a l o n e ,  i . e .  e q u a t i o n  
( 7 . 4 ) ,  
t h u s ,  
	
.  . . . . .  	 ,  
I  
i
-  
 z
o
‘  	
U .  
,  
-   
w ( x ) = i v l  l o  
' - - - 1   - x a  + " - a  1 + a x '  ( 8 . 2 )  
f  
‘  1  r  \  c  
r
;  	
o  o  	 i v  o '  	
o  
J  
T h e  l o a d i n g  d i s t r i b u t i o n  i s  g i v e n  b y  t h e  p r e s s u r e  
e q u a t i o n  ( 3 . 1 5 )  a n d  l i f t  a n d  m o m e n t  b y :  
1  
	
r  	 4 :   i  
R  	
' . : 7   
L  =  i  
	
1  	
(  l '.1
1 3
) B • d Y  +  	
( o p )
N 7
.  C V  f  ;  d x  
a t  	 !  . . . )  0  	
I . ,   R  
r  
: I s  
.  	
i c x .  	 r  i ' l i   
1  	
,  
 
1 1  =  I  	
;  
 
1  	 ,  	
w  
	
; . . : o b  	 ;  : . . 1  
 o  	
' - ' •  R  	
„ , i  
r  - . . .    ( 6 . 3 )  
a n d  
A p p e n d i x  I V ) .  
a n d  
Complete expressions for lift and moment on the 
clyindrical body Ea.:1 triangular wing lead to the 'rigid' 
farce coefficients which are given in Appendix V. 
	 These 
coefficients like those of the body are based on the 
triangular wing having root chord, cr, and maximum 
semispen so  = b/2 = Rob'. 
The force coefficients for the whole wing-body 
combination of Figure 5 are given in Appendix VI and the 
variation of the 'damping' force coefficients L , L. 
a 
lid with o-  is shown graphically in Fig. 12. 
In adding the appropriate coefficients of 
Appendices IV and V the definitions of Figure 5 and Appendix 
VI were used and again the triangular wing is used as a basis. 
9. Discussion 
The use of the 'Slender Body Theory' for unsteady 
flow problems leads to a solution for the aerodynamic forces 
which does not involve long computation and many geometrical 
and other parameters can be carried along in the analysis 
without having to be specified definitely at the outset. 
The restrictions of the theory as discussed in 
section 2 seem to be somewhat severe but there is evidence 
to show (ref. 8) that for a rigid triangular wing of aspect 
ratio, 1, at a Each number of 1.25 and far a frecuency 
parameter, w 	 up to 6, the theory appears to be quite 
valid. PurtEermore„ results for an aspect ratio of 0.5 show 
that when the time derivative terms are neglected the results 
differ from those given by the complete solution only if 
w ›. 2 for a Each number range of 0 - 1.25 (rigid triangular 
Owing to the need to evaluate several terms of 
the :Eathieu function series when deriving the full solution 
it is such longer than the simplified case (for a: allroot 
frequency pa'rar_leter) and it would always be worthwhile to 
question whether the full solution is really necessary in 
any specifiedcase. 
With the type of wing to which this analysis can 
be applied, it is very unlikely that the root frequency 
parameter will exceed about 0.5 so that in many cases the 
simplified approach would suffice. 
The force coefficients yi,b,c of equation (4.4) 
are dependent on Liach number and frequency only through the 
parameter, k, in the general solution, consequently, in 
t h e  s i m p l i f i e d  c a s e  w h i c h  i m p l i e s  t h a t  k  
	
0 ,  t h e  c o e f f -  
i c i e n t s  a r e  i n d e p e n d e n t  o f  f r e q u e n c y  
a n d  I J a c h  
n u m b e r .  
I t  h a s  b e e n  f o u n d ,  b o t h  e x p e r i m e n t a l l y  a n d  
t h e o r e t i c a l l y  t h a t  t h e  v a r i a t i o n  o f  f l u t t e r  f o r c e  c o e f f i c i e n t s  
w i t h  f r e q u e n c y  d e c r e a s e s  a s  a s p e c t ;  
r a t i o  d e c r e a s e s  s o  
t h a t  
t h i s  i s  n o t  a  s u r p r i s i n g  r e s u l t  f r o m  a  t h e o r y  w h i c h  i s  c o r r e c t  
f o r  1 R - - - 0 .  
T h e  p r e c e d i n g  r e m a r k s  c a n  b e  t a k e n  t o  a p p l y  e q u a l l y  
w e l l ,  i n  p r i n c i p l e ,  t o  t h e  w i n g - b o d y  c o m b i n a t i o n .  
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  a n a l y s i s  u s e d  
b y  L a w r e n c e  a n d  G e r b e r  
( r e f .  1 -.
5 )  ( s u b s o n i c )  w h e n  t a k e n  t o  
t h e  l i m i t  A 2 - - - - R . 0  g i v e s  r e s u l t s  f o r  a  r i g i d  w i n g  w h i c h  
a g r e e  w i t h  t h o s e  f o u n d  h e r e  a n d  b y  G a r r i c k  ( r e f .  1 / 0 .  
I n  t h i s  c o n n e c t i o n  i t  i s  a l s o  i n t e r e s t i n g  t o  s t u d y  
t h e i r  r e s u l t s  w h e n  p l o t t e d  r A g a i n s t  a s p e c t  r a t i o .  T h e  s l o p e s  
o f  t h e  c u r v e s  ( f o r c e  c o e f f i c i e n t s )  a t  z e r o  a s p e c t  r a t i o  a r e  
c o r r e c t l y  t h o s e  g i v e n  b y  / S l e n d e r  B o d y  T h e o r y '  b u t ,  i n  
g e n e r a l ,  t h e  c u r v e s  
d e p a r t  f r o m  t h e i r  o r i g i n a l  t a n g e n t s  
e x t r e m e l y  r a p i d l y .  I t  m i g h t  b e  
s u g g e s t e d  
t h e r e f o r e  t h a t  
f o r c e  c o e f f i c i e n t s  d e r i v e d  u s i n g  ' S l e n d e r  B o d y  T h e o r y ' ,  i f  
a p p l i e d  o u t s i d e  
t h e i r  r a n g e  o f  r e a s o n a b l e  
v a l i d i t y ,  w i l l  
g i v e  m a g n i t u d e s  w h i c h ,  i n  g e n e r a l ,  w i l l  b e  v e r y  d i f f e r e n t  
f r o m  t h e  ' t r u e '  v a l u e s .  
	
( S e e  a l s o  r e f s .  2 0  a n d  2 1  f o r  w h i c h  
A R  =  3 ) .  
F i g .  1 0  s h o w s  t h a t  f o r  a n  a x i s  a t  t h e  t r a i l i n g  
e d g e  o f  t h e  w i n g ,  n o  m a t t e r  w h i c h  t o r s i o n a l  m o d e s  a r e  c h o s e n ,  
t h e  d i r e c t  d a m p i n g  d e r i v a t i v e  m
l  
 i s  z e r o  i n d i c a t i n g  t h a t  
a n  u n d a m p e d  p i t c h i n g  o s c i l l a t i o n  w o u l d  b e  p o s s i b l e  -  f o r  a l l  
a x i s  p o s i t i o n s  0  - . 4 : m  . 1  t h e  d e r i v a t i v e  g i v e s  p o s i t i v e  
d a m p i n g .  
\ T h e n  c o - - - 7
1 : .  0  t h e  / r i g i d '  f o r c e  c o e f f i c i e n t s  g i v e  
t h e  v a l u e s  o f  l i f  a n d  m o m e n t  f o r  t h e  s t e a d y  c a s e  a s  f o u n d  
b y  J o n e s ,  S p r e i t e r  a n d  o t h e r s  ( r e f s .  7  a n d  2 A - . )  
- 26- 
REFERENCES  
No. 	 Author 	 Title etc. 
1. 	 Ribner, H.S. The stability derivatives of low 
aspect ratio triangular wings at 
subsonic and supersonic speeds. 
N.A.C.A. - T.N. 1423. 
2. Smith and Beane 
	
Damping in pitch of bodies of rev- 
olution at supersonic speeds. 
Inst.Aero.Scs. Preprint 311 (Feb. 1951). 
3. Nonwciler:  T.R.F. Theoretical stability derivatives of 
a highly swept delta wing and slender-
body combination. 
C. of A. Report No. 50. 
4. Spreiter, J.R. 	 Aerodynamic properties of slender 
wing; body combinations at .subsonic, 
transonic and supersonic speeds. 
N.A.C.A. 	 T.N. 1662. 
5. Henderson:  A. 	 Pitching moment C 	 and Cma at mg.  
supersonic speeds for a slender delta 
wing and slender body combination and 
approximate solutions for broad delta 
wing and slender body. 
N.A.C.A. 
- T.N. 2553. 
6. Ribner, H.S., 
Malvestuto, F.S. 
Stability derivatives of triangular 
wings at supersonic speeds. 
N.k.C.A. 	 908. 
7. Jones, R.T. 	 Properties of low aspect ratio wings 
at speeds below and above the speed 
of sound. 
1032. 
8. lierbt, H., 
Landahl, 
Aerodynamic forces on oscillating low 
aspect ratio wings in compressible flow. 
K.T.H. Aero. T.N. 30. 
9. Timman: 	 Aerodynamic coefficients of an oscill- 
Van de Voeren, 	 ating aerofoil in two-dimensional 
Greidanus. 
	
subsonic flow. 
Journ.Aero.Scs. December 1951. 
10. Reissner, E. On the application of ilatbieu functions 
in the theory of subsonic compressible 
flaw past oscillating aerofoils. 
N.A.C.A. - T.N. 2363. 
a t  
A u t h o r  
-  2 7  
	
2 8  -  
T i t l e  e t c  
1 1  
L i n ,  C . C .  
O n  t w o - d i m e n s i o n a l  n o n - s t e a d y  m o t i o n  o f  
R e i s s n e r ,  E . ,  
T s i e n ,  H . S .  
a  s l e n d e r  b o d y  i n  a  
c o m p r e s s i b l e  f l u i d .  
J n l .  M a t h s ,  a n d  P h y s i c s .  V o l .  2 7 ,  1 9 4 8  
1 2  
W a r d .  G . N .  
S u p e r s o n i c  f l e a  p a s t  s l e n d e r  p o i n t e d  
b o d i e s .  
Q u a r t  J n l .  M e c h s .  &  A p p .  M a t h s . ,  2 ,  
1 9 4 9  
1 3  
M i l e s ,  J . V . r .  
O n  n o n - s t e a d y  m o t i o n  o f  s l e n d e r  b o d i e s ,  
A e r o n a u t i c a l  Q u a r t .  2 ,  N o v e m b e r  1 9 5
0   
1 2 4 ,  G a r r i c k ,  I . E .  
S o m e  r e s e a r c h  o n  h i g h - s p e e d  f l u t t e r .  
3 r d .  A n g l o - A m e r i c a n  L e m .  C o n f .  1 9 5 1  
1 5  
L o m a x ,  H .  
T h e o r e t i c a l  a e r o d y n a m i c  c h a r a c t e r i s t i c s  o f  
B y r d ,  P . F .  
a  f a m i l y  o f  s l e n d e r  w i n g  t a i l  b o d y  
c o m b i n a t i o n s .  
T e c h .  N o t e  
2 5 5 4  
1 6 .   M c L a c h l a n  
T h e o r y  &  a p p l i c a t i o n  o f  M a t h i e u  f u n c t i o n s .  
C l a r e n d o n  P r e s s .  O x f o r d .  
1 9 4 7  
1 7 .   
7 o o d c o c k ,  D . L .  
S y m m e t r i c  f l u t t e r  c h a r a c t e r i s t i c s  o f  a  
h y p o t h e t i c a l  d e l t a  w i n g .  
R . A . E .  R e p o r t  S t r u c t u r e s  
6 8 .  
1 8 .   T e m p l e t o n ,  H .  T h e  t e c h n i q u e  o f  f l u t t e r  c a l c u l a t i o n s .  
R . A . E .  R e p o r t  S t r u c t u r e s  3 7 .  
1 9 .  
 
L a w r e n c e ,  H . R .  
T h e  a e r o d y n a m i c  f o r c e s  o n  l o w  a s p e c t  
G e r b e r ,  E . H .  
r a t i o  
w i n g s  
J n l .  A e r o .  S c s ,  N o v e m b e r ,  1 9 5 2  
2 0 .   
W o o d c o c k ,  D . L .  
A e r o d y n a m i c  
d e r i v a t i v e s  f o r  a  d e l t a  
w i n g  o s c i l l a t i n g ;  i n  e l a s t i c  m o d e s .  
R e p o r t  S t r u c t u r e s  1 3 2  
2 1 .   
L e h r i a n ,  D . E .  
A e r o d y n a m i c  c o e f f . . . c i e n t s  f c r  a n  
o s c i l l a t i n g  d e l t a  w i n g .  
R e p o r t  1 4 , 1 5 6 .  J u l y  1 9 5 1  
-29- 
APPEDIX I  
The Cropped Delta -
Definitions  and Geometrical Properties 
See Figure 2  : - 
flean chord, cm  = 2 cr  (1 + X) 
Area 
	 S = b c
m 
0 
Aspect Ratio, AR = -s-- = 
thus, 
and 
Local semispan, s   .x for, 
2c (1-.X) 
0 (x <(1.-X)c 	 (4) 
Reference section position, 1 = rt. 7 	 (5) 
Spanwise parameter, 8 = 	 (6) 
2c 
Local chord, c = 
	
ra 
 . (1 - T(1-7)5) 	 (7) 
(1+?.) 
Ratio, 	 "E 	 (0) 2 
2c 
Reference Axis, xo  = mcr  + b 
 r  (1-.X)(1-m) hr 
= A + B 
A 	 2m 
c
m 	 1+?, 
bB h  (1- 
/0 	 - 	
-0 
 (1-m) 
(1+1n.) 
vc 
Fresuency parameter, cora  = ff--- -  
(11ean) 
- 3 0 -  
A P P E N D I X  I I   
E q u i v a l e n t  C o n s t a n t  D e r i v a t i v e s  -  D e f i n i t i o n s   
T h e  f o l l o w i n g  e q u i v a l e n t  c o n s t a n t  d e r i v a t i v e s  a r e  
a p p r o p r i a t e  t o  a  s y s t e m  w i t h  t h e  u s u a l  B r i t i s h  s i g n  c o n v e n t i o n  
i . e .  z • a x i s  d o w n w a r d ,  l i f t  p o s i t i v e  u p w a r d s ,  m o m e n t  a n d  a n g l e  
o f  a t t a c k  p o s i t i v e  n o s e - u p .  
( a )  
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APPENDIX V 
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